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Abstract
This paper introduces the basic principles of queuing theory and models, and ascertains the set mode of the port handling optimal 
service queuing system. Based on the one-dimensional model established by the former scholars which solves the minimal cost 
of service, this paper puts forward a two-dimensional model which can confirm the minimal cost of the two indexes the optimal 
handling service efficiency and facilities number at the same time. Using Delphi programming model, then solving the most 
excellent service programs. And through case studies can further demonstrate the new two-dimensional model is better than the 
old model to reduce the cost of handling. Providing more scientific and theoretical guidance to improve the efficiency of port 
terminal handling services and reduce the cost of handling.
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1. Introduction
Handling is one of the important subsystems of logistics system, which is accompanied by logistics activities like 
transportation and storage, is the intermediate link of transportation, storage, package, circulation processing and 
distribution, and it is inseparable from any logistic activities. Therefore, handling as an indispensable important link 
of the whole logistics process, its importance is not allowed to ignore. Improving handling system can significantly 
improve logistics economic and social benefits, and for how to improve efficiency, reduce the cost of handling, it’s 
necessary to use the queuing theory to establish handling queuing model, to construct the optimization of handling
service system. A large number of application research shows that queuing theory is one of the effective methods to 
find the most economic system operation cost, to solve the optimization of system operation parameter. The queuing 
phenomenon is widely existed in the field of logistics handling, such as how to design the pier berth, how to 
purchase the handling equipment and etc, and how to not only satisfy the arrival in timely service demand but also 
design the best configuration scheme for pier berth, handling equipment and service resources under the condition of
saving port resources. So applying queuing theory and method to solve the optimization of port handling service 
system is of important theoretical and practical significance.
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2. The theoretical basis of queuing theory
2.1. The basic principles of queuing theory
Queuing theory is the study of the mathematical theory and the methods of queuing systems is an important 
branch of operations research. Any one of the basic queuing process of the queuing problem can be expressed in
Figure 2.1. Port ships arrive at the ports, and wait for the process of handling services. It can also be seen as a 
queuing process, the port ships are equivalent to the customers, the handling facilities are equivalent to service 
desks, shown in Figure 2-1. The figure describes each ship reach the port pier in a certain way, first, join the queue 
and wait for handling services. Service desks select the ships to load and unload from the queue in certain rules, then 
the ships which after completion of handling left.
Customers Arrive queue up Receiving Services Customers Leave
Figure 2.1 Queuing System
The basic queuing system can be extended to a queuing system of variety of queuing methods: single-team single-
desk system, multi-server single-team system, multi-server multi-team system, and multi-server tandem systems.
Queuing system generally has three components: input process, queuing rules, and services.
Describing the basic characteristics of queuing system, the main quantitative indicators are: (1) Team Length: 
refers to the number of ships in the port handling system; Queue Length: refers to the number of ships waiting for 
handling in the handling system. (2) Sojourn time: refers to the period which from the moment when ships arrive at 
the port to the moment when ships have finished accepting handling service; Waiting time: refers to the period 
which from the moment when ships arrive at the port to the moment when ships begin to accept handling service. 
(3)The average rate of ships arriving: refers to the number of ships arriving at the port in the unit time; the average 
rate of handing service in the system: refers to the number of ships which are being served in the unit time. s refers 
to the number of service desk, )( µλ s refers to service intensity ρ .
2.2. The choice of queuing mode in port handling system
The mode for ships queuing is the key to establish a fine handling queuing system, making the operation of 
handling queuing system smoothly. According to the characteristics of handling in the ports and ships as well as a
great amounts of statistics data and study abroad, it can be shown that, in most queuing systems for handling service 
,the arrival of the ships obeys the Poisson distribution while the time for handling service obeys the negative 
exponential distribution.
There are a variety of queuing modes for ships to enter the ports. Then through a port handling example, compare
M/M/1 to M/M/s two kinds of queuing modes. For an instance, there is a port somewhere, with 3 handling servers. 
The average ratio for the arrival of ships is λ=0.9 per hour, while the average ratio for service is μ=0.5 per hour. The 
arrival process for ships obeys the Poisson distribution while the time for handling service obeys the negative 
exponential distribution. After entering the port, the ships will join the queue to wait for accepting the handling 
service.
(1) There would be 3 queues if the ships join into the each queue before 3 servers separately after the arrival. The
arrival ratio for each the queue is 3.03/9.0321 ==== λλλ , and this moment, the system is 3 subsystems of 
M/M/1.
(2) If the ships join into a queue after the arrival and berth before the free server for handling, and this moment,
the system is a system of M/M/3.
To calculate the efficiency indicators under the conditions of both the queuing modes above respectively, it can be 
listed as following table shows.
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Table 2-1: The comparison of the two queuing methods
                                   Model
Index
（1）M/M/1 （2）M/M/3
Idle probability of server
Waiting probability of ship
Expected value of team length
Expected value of queue length
Expected value of waiting time
Expected value of sojourn time
0.4
0.6
4.5（1.5 for subsystem）
2.7（0.9 for subsystem）
3
5
0.1460
0.3547
2.3322
0.5322
0.5913
2.5913
From the comparison of each indicator, queuing system (2) is superior to queuing system (1).
The conclusion can be made: under the similar stevedoring condition and depth of water in one port, ships should 
better be form a line by arriving the pilot anchorage, and then berth alongside successively to load or unload the 
cargoes, rather than to form the line in the pilot anchorage ahead of each dock which will form the three independent 
queues. The latter queuing form will generate unreasonable usage of stevedoring resources which will ultimately
bring about low probability of the stevedoring equipment, long waiting time and high cost of stevedoring.
3. The optimization of the port queuing system
There is often exist an imbalance in port handling activities, the imbalance is caused by many factors, such as the 
number of port handling equipments, the arrangement of operating workers, the scale of handling facilities. For 
example, if the number of logistics handling machinery is underestimated, it will result in the handling goods to be 
stranded, and affect its economic benefits. And if there are too many handling machinery, it will form the 
unnecessary waste of financial and material resources. If the arrangements for handling operating workers are 
unreasonable, it will result in uneven division of labor and human waste. In short, for the logistics handling, the 
imbalance factor is estimated too high or too low will result in manpower, material and financial resources of the 
serious waste, and will increase handling costs. Therefore, for managements of logistics handling, the most 
important tasks is to accurately estimate the factors which affect the uneven handling activities, and take effective 
measures to reduce these factors on the handling activities.
3.1. The optimization model based on queuing system
In normal circumstances, improving service levels and increasing the number of service desks of handling, can 
improve the service efficiency, and reduce the waiting time for handling, thereby reducing the cost of damage 
caused by waiting. However, improving the level of service and increasing the number of service desks will increase 
the service costs. Therefore, to achieve the purpose of optimization, we must make the sum of service cost and 
waiting cost to be minimal.
For the queuing system based on the optimization of port handling, many scholars adopted the following model:
3.1.1 Model Ⅰ: Under M/M/1 queuing mode to determine the optimal service rate
Establishing the objective function 1Z , 1Z refers to an expectation value which is the sum of the service cost of 
port handling in the unit time and the cost of ships staying in system.
LccZ ws += µ11min (3-1) 
In the formula, 1sc refers to the cost of handling service which was provided by handling facilities in unit time,
when 1=µ . wc refers to the cost of every ship staying in the handling system in the unit time.
Because of M/M/1 queuing mode,
λµ
λ
−
=L , take the L into (3-1), we can get 
λµ
λµ
−
+= ws ccZ 11
. 
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From this model we can see: when the 1sc 、 wc 、λ are known, we can obtain the optimal service rate of handling
which make the cost to be the lowest under this condition.
3.1.2 Model Ⅱ: Under M/M/s queuing mode to determine the optimal number of service facilities.
Establishing the objective function 2Z . 2Z refers to an expectation value which is the sum of the service cost of
port handling facilities in the unit time and the cost of ships waiting in the queuing system.
LcscZ ws += 22min (3-2)
In the formula, s refers to the number of handling service desks. 2sc refers to the cost of handling service which 
was provided by every service desk in the unit time. wc refers to the cost of every ship staying in the handling system 
in the unit time.
Because of M/M/s queuing mode, 
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Because s is non-continuous variable, so we can’t use the solution method of model Ⅰ. Therefore we use 
marginal analysis. The lowest cost should be met:
  
)1*(*)(
)1*(*)(
22
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+≤
−≤
sZsZ
sZsZ (3-3)
Take (3-2) into (3-3), we can get
    
)1*()1*(*)(*
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22
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sLcscsLcsc
sLcscsLcsc
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Be simplified as
*)()1*(/)1*(*)( 2 sLsLccsLsL ws −−≤≤+− (3-4)
Calculating the s to meet the condition of (3-3).
From this model we can see: when the 1sc 、 wc 、λ and µ are known, we can obtain the optimal number of 
handling service desks which make the cost to be the lowest under this condition.
3.2. The defects of model Ⅰ and model Ⅱ
These two models can be used to solve the problem of determine the optimal service rate in M/M/1 case, and the 
problem of determine the optimal number of handling facilities in M/M/s case. But the author considers there are 
still some shortcomings in the models above:
(1)The common of model Ⅰ and model Ⅱ is each model contains only one variable, and other parameters were 
assumed to be quantitative. However, in the real life, there are more than one factors should be considered in the 
planning and designing the port handling.
(2)For model Ⅰ, the study of the optimal service rate is limited to the condition of M/M/1, Known By 2.2 of this 
paper, M/M/s queuing mode is clearly better than the M/M/1 queuing mode in port handling. Therefore, the research 
of designing the port handling is largely meaningless.
4. The improved model Ⅲ based on model Ⅰ and model Ⅱ
4.1. The establishment of two-dimensional modelⅢ in queuing system
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According to the defects above, the author integrated the model Ⅰ and model Ⅱ , proposed an improved two-
dimensional model. The model can also determine the two indicators which are the optimal service rate and the 
optimal number of mechanical services to minimize the total cost.
From the model Ⅰ we can see: 1sc refers to the cost of handling service which is provided by handling facilities 
in unit time, when 1=µ . µ1sc refers to the cost of handling service which is provided by the single desk in the unit 
time. However, in model Ⅱ, 2sc refers to the cost of handling service which is provided by every service desk in the 
unit time. Therefore, the meaning of µ1sc in model Ⅰ is equivalent to the meaning of 2sc model two. From this we 
can see, in the case of other conditions are same, 21 ss cc =µ . Supposing 1ss cc = , then scscsc sss µµ == 12 .
Therefore, based on model Ⅰ and model Ⅱ, the optimization model can be improved to model Ⅲ:
LcscZ ws += µmin (4-1) 
In the formula, µ refers to the handling service rate. s refers to the number of handling service desks. sc refers 
to the cost of each service desk handling a ship in the unit time. wc refers to the cost of every ship staying in the
handling system in the unit time. This model is to strive for when the total cost of handling to a minimum, the 
optimal service rate of handling, and the optimal number of handling service desks.
In the M/M/s queuing mode:
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Take (4-2)、 (4-3) into (4-1), we can get:
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Among them, )( µλ s refers to the service intensity ρ . The number of 
handling service desks ( s ) and the handling service rate ( µ ) are 
unknown variable. µ is the continuous variable, s is the non-continuous 
variable, ……= 3,2,1s . 
The formula (4-4) contains two variables s and µ , but s is non-
continuous variable. Therefore, we can’t use the first model’s method to 
seek the optimal value. If using the second model’s method: marginal 
analysis, as the improved two-dimensional model has two variables, and 
one of them is a continuous variable, it will take large amount of 
computation to solve it.
4.2. Using the program to analysis the case
As the two variables in formula (4-4) are special (one for continuous,
and one for non-continuous), therefore, the author use Delphi's powerful 
numerical superiority and gentle visual interface, developed a program to 
seek the optimal service rate and the optimal number of service facilities.
Delphi is one of well known rapid application development tools under 
Windows platform (Rapid Application Development, referred to as RAD). 
To solve the improved two-dimensional model Ⅲ , the program flow 
shown in figure (4.1). (Code omitted)
Case study: A port now has two ship terminals, it’s predicted that the number of the ships to the port will increase 
to 11 ships per day after five years. Experience has shown that the ship reaches approximately accord with Poisson 
distribution. Berth occupancy time for handling services approximately accord with a negative exponential 
distribution. Question: How much should the port handling capacity and the number of new berths be reached, the 
Begin
Inputλ、μ、Cs、Cw、s、n
Calculateρ、P、P0、PN、Lq
s=s+1
μ=μ+0.01
CalculateZ（s，μ）
CalculateLs、Wq、Ws
Judge u
Judge s
End
Onput Z（s，μ）
Y
Y
N
N
Figure 4.1 Program Flow
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system can operate more economically rational after 5 years? (Assuming that under the current handling technical 
conditions, the handling rate can improve to 8.5 ships per day at most. The average daily cost of handling for each 
berth is 1500 yuan per berth-day. During the ships in the port, average daily cost is 20000 yuan per ship-day)    
From the meaning of the case we can see: 1500=sc , 20000=wc , 11=λ
Using the Delphi program to calculate, input the data and calculate the results, can obtain the optimal table 4-1. 
The table shows that: if 2=s , µ should be equal to 10, can make the cost of handling to be 
minimum, 461541.2186Min =Z . if 3=s , µ should be equal to 8.4, can make the cost of handling to be 
minimum, 266676.4756Min =Z . ……, if 10=s , µ should be equal to 3.8, can make the cost of handling to be 
minimum, 2114901.958Min =Z .
Table 4-1: The optimal table
NO. s μ λ/μ ρ Z
200 2 10 1.1 0.55 61541.21864 
284 3 8.4 1.30952381 0.436507937 66676.47562 
366 4 6.6 1.666666667 0.416666667 74397.27356 
457 5 5.7 1.929824561 0.385964912 82005.37134 
550 6 5 2.2 0.366666667 89318.16125 
646 7 4.6 2.391304348 0.341614907 96253.93078 
743 8 4.3 2.558139535 0.319767442 102811.4646 
840 9 4 2.75 0.305555556 109020.0777 
938 10 3.8 2.894736842 0.289473684 114901.9582 
(All data is omitted)
From the table 4-1 above, the optimal value of each state shows: 21864.61541)10.2(),( == ZsZ µ is the minimal 
handling cost. However, from the known conditions we can see 5.8≤µ , so )10,2(Z does not meet the meaning of the 
case.
And we know, when 3=s , 4.8=µ can make the cost to be minimum. Therefore, )4.8,3()5.8,3( ZZ > . From the 
table 4-1 we can see: When 3>s , the cost of seeking is necessarily greater than )4.8,3(Z . Therefore, it’s only need 
to consider whether )5.8,2(Z is less than )4.8,3(Z . Then check the value in the result table:
47562.66676)4.8,3(80952.70023)5.8,2( =>= ZZ
When 4.8,3 == µs , the cost of handling is minimal. The minimum value is 47562.66676=Z .
That is, the port handling capacity needs to be increased to 8.4 ships per day, and the port should add a berth, the 
system can operate more economically rational after 5 years.
This case can be extended to the following conclusions:
Firstly, in the port of handling activities, from the operational perspective, under the condition that the technical 
level can reach, as far as possible to take precedence choice of increasing handling service system of handling
efficiency. Therefore, in the planning and designing of port handling, we should take precedence choose the 
technological transformation of the old pier, eliminating the backward handling facilities, and Using more advanced 
and efficient handling equipment.
Secondly, this case proved that the improved model Ⅲ is better than the traditional model Ⅱ indirectly. If 
calculated with model Ⅱ, as the 2sc of model Ⅱ is a given value, and µµ sss ccc == 12 , in this formula, µ is the 
current rate of handling service. So take the current service rate into the calculation of optimal total cost after 5 
years, the optimal cost will obviously larger than model Ⅲ.
Thirdly, in the case of constant number of handling service desk, the higher handling efficiency does not mean the 
lower the handling cost. For example, the case of )5.8,3()4.8,3( ZZ > . Similarly, in the case of invariant handling
efficiency, the more number of handling service desks doesn’t mean the lower handling cost. For example, the case 
of )5.7,3()5.7,4( ZZ > .Therefore, when determining the lowest total cost of the optimal handling efficiency and 
optimal number of handling facilities, it should be calculated and analyzed specifically.
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5. Conclusions
    On one hand, the increasing openness of the port with the economic globalization has brought opportunities to the 
port; on the other hand, the port has been exposed to increasingly fierce competition. In the fierce competition,
providing high-quality and cheap handling service for ships is the key driving force to promote the development of 
the port. The cost covering handling services is composed by fees covered handling mechanical services and unpaid 
waiting expenses refer to the board-to-bank loading and unloading. The cost covers handling services. The former 
fees increased in the step with the handling efficiency and quantity, the latter expenses declined with the ones stated 
before. Many models based on queuing theory were proposed in order to determine the optimal handling efficiency 
and the number of handling machines so that the lowest total cost of handling services can be achieved. The
common one-dimensional model Ⅰ that is used to solve the optimal handling efficiency, and the common one-
dimensional model Ⅱ that is used to solve the optimum number of handling machinery. Based on the model Ⅰ and 
model Ⅱ, the paper puts forward a two-dimensional model Ⅲ that is used to solve the optimal handling efficiency 
and the optimum number of handling machinery. The study also solves the improved model Ⅲ through Delphi 
programming. The author knows that this model still has many shortcomings. In the future study, the model will be
further improved to get better handling service system construction scheme.
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